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Abstract-The composition, and thus the energy content and monetary value of natural gas and biogas, vary considerably depending on the source. Present energy measurement techniques are not suitable for online use.
We show with experiments on mixtures of ethane (C2H6) and oxygen (O2) how partial least squares regression (PLSR) can be used to predict the molar fraction of ethane in the mixtures, given spectral data from ultrasonic pulseecho measurements. The PLSR technique is compared with the standard principal component regression (PCR), and we show that PLSR yields better predictive performance.
I. Introduction
N atural gas contains a mixture of several gases, such as methane, ethane, hydrogen, etc. Sometimes also small, but highly undesired, fractions of oxygen. With the use of different sources of gas (e.g., different gas fields) the energy content of the gas delivered to customers may vary considerably. Variations up to 20% are common [1] . It is of interest to both provider and customer to know the composition of such gas mixtures as this determines the energy content (calorimetric value) and, thus, the combustion properties and the monetary value of the gas.
Today, the energy content of gases is measured using either gas chromatography or calorimetry. Both methods are accurate, but they require samples of the gas to be removed and analyzed separately, which makes the measurement slow. They also are relatively expensive. Because of this, the existing techniques are not suitable for on-line measurement at the customer side of the distribution line.
Ongoing research focuses on both physical modeling of wave propagation in gases [2] - [4] and on multivariate statistical analysis of measured ultrasonic data [5] , [6] . The physical models suggest that phase velocity and frequencydependent attenuation will change with the composition of the gas mixtures. In this paper we focus on exploring these changes using multivariate tools.
In this paper we show how partial least squares regression (PLSR) can be used to estimate molar fractions of ethane in mixtures of ethane and oxygen, for a wide pressure range. PLSR has been applied in many experimental sciences, from chemometrics [7] to social sciences [8] , where the goal is to explore relationships between a set of descriptors (variables) and a set of measured responses. The results of the PLSR are compared with those obtained by principal component regression (PCR).
The paper is organized as follows: Section II describes the theory behind PLSR and PCR and highlights some of the fundamental differences. Section III describes the measurement configuration and how data sets are prepared in order to evaluate the prediction models. Experimental results on mixtures of ethane and oxygen are given in Section IV.
II. Theory
Assume that we have a series of gas mixtures for which the relative amounts of the gases vary. Assume also that some measurement procedure has been used to characterize properties of these gas mixtures, and that each measurement yields a series of measured property variables. Assume also that there are linear relationships between the measured properties and the composition of the gas mixture. The goal of any regression tool is to find and explore these relationships.
A. Physical Background
Before going into details about the PLSR, we first need to describe some of the physics of the gases and which properties can be expected to affect the wave propagation.
When sound propagates through gases, basically two properties can be directly observed: speed of sound and attenuation. Both of these are frequency dependent. They depend on viscous, molecular, and thermal relaxation phenomena that occur when molecules collide. Describing the details of underlying physics leading to changes in speed of sound and attenuation is beyond the scope of this paper, but they can be found in previous work [2] - [4] , [9] . Good physical models are crucial for the understanding of the problem, so that proper instrumentation can be designed. Note that, even if a good model of the underlying physics is available, the parameters of such model are not necessarily identifiable from the observed ultrasound data. Furthermore, the end goal is not to describe the model, but to measure some implicit property (e.g., energy content or molar fractions). The choice of model thus depends on the goal of the study.
In this paper we demonstrate how variations in ultrasound spectra can be connected to molar fractions in gas mixtures. As will be shown, the PLSR model captures most of the variation from the measurements that contain information about the molar fraction.
B. Motivation
In this section we give a brief overview of common regression tools used to quantify relationships between physical variables and measured responses. There are some common problems with these techniques, and these are highlighted as a motivation for the use of the PLSR technique.
Let each row in the matrix X be the measured ultrasound properties for one gas mixture, and let the corresponding row in Y be the composition of the mixture. Section III-B describes which properties are used and how they are extracted from the measured ultrasound pulses.
For a multiple linear regression (MLR) model, the relationship between the descriptors X and the responses Y can be written as:
where A is a matrix with the model coefficients so that Xa i = y i . If X has full column rank (i.e., the columns are linearly independent), a least-squares estimate, A, of A is obtained by:
If there is any linear dependence between the columns of X, the inverse (X T X) −1 will not exist. The most common remedy for this problem is called PCR. First a principal component analysis (PCA) [10] is made on X. The significant principal components then are used to form the pseudo-inverse of X. The resulting solution is identical to the least-squares solution obtained by the MoorePenrose pseudo-inverse [11] . This is sometimes a powerful approach, but there is an underlying assumption that is not always fulfilled. We cannot be sure that large variations within X necessarily is of greater importance when it comes to describing Y. That is, the principal components that are discarded might contain valuable information about the cross-covariance between X and Y.
Another approach is to use regularization (often referred to as ridge regression), that is to add a diagonal matrix to X (i.e.,X = X + µI) then form (X TX ) −1XT Y to obtain a regularized least-squares solution for the linear relationship between the X block and the Y block. In this way, no columns of X are discarded, but at the cost of introducing a bias. For good performance, finding the regularization parameter µ is crucial [12] .
The following sections describe the calculations used in PLSR and PCR. In Section IV the two methods are compared for measurements on two-component gas mixtures.
C. PLSR
The previous section highlighted some of the problems with the most common regression methods. One way to overcome these is by using a method called PLS (partial least squares or projections onto latent structures).
The PLS method was developed by Wold [13] and has been applied to many areas in experimental sciences. In this section we will give a brief description of the PLS method. An extensive overview can be found in [7] .
The central idea of PLS, as opposed to PCR and ordinary least-squares (OLS) estimation, is that the PLS determines a set of basis functions (PLS components) for both the X block and the Y block, in such a way that they best describe the cross covariance of the blocks.
D. Calculating PLS Components
Determining the PLS components is an iterative process. The first step is to calculate the cross-covariance matrix C Y X , as:
where
corresponding to the largest singular value of C Y X [10] . This vector, also called weight vector, is denoted w 1 . The first score vector, t 1 (N × 1) is then:
and the corresponding loading vector for the X block, p 1 (K × 1), is given by:
For the Y block, the first loading vector, q 1 (L × 1), is given by:
The residuals of the first iteration E 1 and F 1 for the X block and Y block, respectively, are then:
To find the next PLS component, the steps above are repeated with E and F as the new starting matrices. This procedure then is repeated until the desired number of components, A, has been determined. The scores and loadings of the X and Y blocks then are stored as columns in the matrices T, P, and Q, as:
The weight vectors, w, from the different iterations are stored in the matrix W (K × A).
E. Prediction of the Y Block
The original matrices X and Y can now be expressed in terms of the PLS components as:
where E and F are residual matrices of the X and Y blocks, respectively. Given an existing set of PLS components, a prediction of Y is obtained by [7] :
where:W
F. Geometrical Interpretation of the PLS Components
As mentioned earlier, the PLS algorithm determines a set of components for the X and Y block that best describes the covariance between the blocks, in a least-square sense. The first step of the algorithm, determining the sample cross-covariance matrix C Y X = Y T X projects X onto what is common between the X and Y blocks. The first weight vector, w 1 , is a principal component (i.e., a singular vector) of C Y X , which means it represents the direction that describes most of the cross covariance. The first score and loading vectors of the X block, t 1 and p 1 , are projections of X onto that weight vector. This means that they represent variation in X that best describes the cross covariance between the blocks. The scores and loadings of the Y block (u 1 and q 1 ) are projection of Y onto what is already described by the first PLS component of X. The X and Y blocks then are deflated, and the residuals are used as input to the consecutive steps of the algorithm.
G. Determining PLS Model Order
As in all linear modeling, finding an appropriate model order is an important, and difficult, problem. Numerous criteria are available for model order selection, e.g., the Akaike information criterion [14] and cross validation [15] . Some of the available methods tend to overestimate the model order, and others are overly conservative [16] .
For PLS modeling problems, cross validation is the most commonly used method for model order estimation.
In this paper we have one training data set and one validation set. We estimate a PLS model from the training set, and we evaluate by looking at the prediction error sum of squares (PRESS) for the validation set as a function of the number of components in the PLS model. For the experiments presented in this paper, the PRESS is shown in Fig. 1 . 
H. Principal Component Regression
When X does not have full rank, the ordinary leastsquares solution in (2) does not exist because X T X is not invertible. A common solution is to use PCR. This is the same as finding the Moore-Penrose pseudo-inverse of X, denoted X † and estimating the coefficients as:
For details on how to calculate X † , see [11] . To determine the model order (i.e., the number of principal components to use), we examine how much of the total experimental variation (in percent) each component explains. This is done by studying the scaled singular values of X because the singular value σ i is proportional to the experimental variation in the direction of the i:th principal component. Letσ i be scaled versions of the r nonzero singular values σ i , as:
Fig . 2 shows the cumulative sum of (17) for the gas mixtures evaluated in this paper.
I. Prediction of Molar Fractions
This section describes the preprocessing of experimental data and how they are arranged prior to performing the PLS modeling. The actual measurement configuration and data acquisition is described in Section III.
Ultrasound pulses transmitted through a gas mixture are affected primarily by frequency-dependent attenuation and frequency-dependent sound velocity (i.e., dispersion). This affects the shape of the pulse in several ways. The aim of this study is to explore how these variations in pulse shape can be used to predict the composition of the gas mixture. Because of the varying propagation delay through the gas for different compositions simply stacking the measured time signals as rows in the matrix X does not work. An alternative is to study how the spectral properties of the pulses are affected. That is, let the variables of the X block be the amplitude and phase of the pulse for different wavelengths. The Y block then is made up of the variables we wish to predict, in this case the molar fractions of the constituent gases. In the case of a two-component mixture, the Y block reduces to one vector consisting of values between zero and one, corresponding to the molar fraction of ethane in the mixture. It should be noted here that it is possible to extend the Y block to contain also pressure, temperature, etc.
Two sets of data were prepared (see Section III-B), one for model estimation (referred to as the training set) and one for model validation (referred to as the validation set).
III. Experiments
A. Setup
For all the experiments in this paper, the ultrasound echoes were measured in a pulse-echo configuration (see Fig. 3 ). An ultrasound transducer was mounted in a measurement cell, transmitting pulses through the gas toward a stainless steel reflector. The acoustic properties of interest vary with frequency, f , and pressure, P . The temperature and frequency dependence on sound velocity and acoustic attenuation was previously investigated by, for example, Martinsson and Delsing [4] , Dain and Lueptow [2] , [3] , and Bhatia [9] . Changes in frequency and pressure normally are studied as the ratio f/P [2] . There are two ways to vary this in a pulse-echo system. Transducers of Fig. 3 . The measurement cell and the pulse-echo principle. The transducer emits an unknown sound wave. The reflection from the bottom of the measurement cell then is recorded. Consecutive echoes can be recorded, as indicated in the figure. In this paper, however, only the first echo is used. different center frequency can be used for a fixed pressure, or one transducer is used while the pressure is changed. The latter of the two principles was chosen for the work in this paper. A 1 MHz air transducer was used while the static pressure was varied. The effective diameter of the transducer was 15 mm. For this transducer and the propagation distance (c.f. 2), diffraction losses were assumed to be negligible [17] .
A custom-built pressure chamber (see Fig. 4 ) was used to achieve different static pressures. The pressure was varied between 1.54 to 7.4 bar in 12-18 steps. Because the attenuation in ethane is extremely high at low pressures and high frequencies, we were limited to make measurements at higher pressure for that particular gas (above 1.86 bar).
The pressure in the chamber was measured with an Anderson TPP Pressure Transmitter (Anderson Instrument Company Inc., Fultonville, NY) with a range of up to 13.6 bar above atmospheric zero. The transmitter has an accuracy of approximately 30 mbar. This includes the combined effects of linearity, hysteresis, and repeatability.
The transducer was mounted on a stainless steel measurement cell (see Fig. 3 ), as seen in the lower left corner of Fig. 4 . The measurement cell then was immersed into the pressure chamber. The whole setup then was placed in a temperature-controlled chamber (HT4010, Heraeus Vötsch, Balingen, Germany), keeping the temperature constant at the desired temperature.
To excite and receive acoustic pulses from the transducer, a Panametrics Pulser/Receiver Model 5072 (Panametrics, Waltham, MA) was used. For the transmitting mode, the pulser/receiver was set to deliver maximum energy to the transducer, which corresponds to a short voltage peak with 380 V amplitude with an energy of 104 µJ. In receive mode, the pulser/receiver has a built-in amplifier that can amplify the input as much as 59 dB. In all measurements presented here, the gain was set to 20 dB. All pulses were sampled at 100 MHz with an 8-bit Tektronix TDS 724, 1 GHz digitizing oscilloscope (Tektronix UK Ltd., Bracknell, Berkshire, UK). For each measure- ment, the temperature was recorded using an encapsulated PT100 sensor (Pentronic AB, Gunnebo, Sweden) mounted through the wall of the pressure chamber.
The transducer used was originally designed for operation in air with an acoustic impedance Z air = 4154 Pa·s/m (at T = 20
• C and P = 1 bar). Because the acoustic impedance of the gases used are different from air, the transducer will not operate at its optimal performance; consequently, it would not transmit as much power as desirable.
B. Measurements and Preprocessing
Measurements were made for pure oxygen (O 2 ) and pure ethane (C 2 H 6 ), as well as mixtures of the two for molar fractions of ethane of 20%, 40%, 60%, and 80%. The temperature was kept constant at 20
• C during all measurements. The static pressure was varied from 1.54 bar and 7.4 bar, in 12 steps.
For each experimental setting, 50 pulses were recorded. The first 25 were averaged and used as training data. An example of such a pulse is shown in Fig. 5 (top) . The second 25 pulses also were averaged and used as validation data. That is, all models were calculated based on the training set, and their predictive performance was evaluated by predicting the withheld validation data set. For each of the averaged pulses, p T i , the corresponding row in the matrix X was obtained as follows: • Calculate spectral representation of the pulse, using the discrete Fourier transform (DFT).
• Calculate magnitude and unwrapped phase of the spectrum.
• Extract the frequency components around the center frequency that has sufficient signal-to-noise ratio. The extracted spectrum is shown in Fig. 5 (middle and bottom).
• Store as a row in the matrix X, i.e.:
Before the PCR and PLS models were calculated, the columns of both the X and the Y block were scaled to unit variance and centered to have zero mean. The reason for this is that we do not want to a priori assess any greater importance to any of the frequency components. This is a standard operation in most multivariate techniques. We also tested the technique without scaling the amplitude spectra (i.e., only centering), but this decreased the predictive performance of the PLS model.
IV. Results
Once the training and validation data sets were prepared, as described in the previous section, we need to determine the order of the linear models. Fig. 2 shows the cumulative sum of (17) . The figure shows that five components are enough to describe approximately 99% of the experimental variation within the X block. Figs. 6 and 7 show the true versus the predicted molar fraction of ethane in the mixtures. Although 99% of the total variation in the X block is retained in the pseudo inverse, the predictive performance of both the PCR and the PLSR is poor. Figs. 8 and 9 show the predictions and the prediction errors, respectively, for PCR, using 12 components. The dashed lines in Fig. 9 represent the 95% confidence interval for the prediction error. The prediction errors are plotted against molar fraction. Fig. 9 shows that the prediction error variance increases with increasing molar fraction of ethane. The main reason for this is that the signal-tonoise ratio decreases when the molar fraction of ethane increases.
Figs. 10 and 11 show the predictions and the prediction errors, respectively, for the PLS regression, using 12 com- ponents. The dashed lines in Fig. 11 represent the 95% confidence interval for the prediction error. Comparing Fig. 9 and Fig. 11 , we see that there are no apparent systematic variations in the prediction errors for the PLS model. This indicates that the PLS model is better at capturing the variations in the X block that correlate to variations in molar fractions than the PCR model. Fig. 12 shows the same prediction errors plotted against pressure. No systematic variation is visible here either, which indicates that the prediction errors are not correlated with either molar fraction or pressure.
Note that for the PCR, increasing the model from 5 to 12 components does not significantly improve its predictive performance. Using the complete X block, we arrive at the multiple linear regression estimate, which performance is identical to the PCR results. This is expected because the PCR focuses on capturing as much as possible of the variation within the X block. The five component model already accounted for approximately 99% of this variation. However, the predictive performance of the PLS model is drastically improved when the additional components are added. This suggests that the cross covariance between the X and Y blocks is not connected to large variations in X. In this particular case, PLS regression is recommended over PCR.
It should be noted here that with prediction we mean a withheld replicate of a calibration experiment and not a true prediction in the sense that we predict the outcome of an experiment not present in the calibration run. 
V. Discussion
The results presented in the previous section were obtained using only the first pulse-echo. Because the pulse bounces back and forth through the gas sample several times, it also is possible to estimate attenuation and phase velocity if the second echo also is recorded. For the ultrasound frequencies used in this study, however, the amplitude of the second echo was so low that reliable estimation of attenuation and phase velocity was not possible. It should be noted that even the first echo contains information about these effects, when different compositions are compared. These relative effects, however, are more difficult to relate to the underlying physics. A change of instrumentation in order to better exploit the potential of the ultrasound is being developed for future measurements.
The frequency-dependent attenuation, α(ω), and phase velocity, c(ω), vary with the actual gases in the mixture. For any given mixture, the ultrasound frequencies should be adjusted so that variations in gas compositions which also are detectable as variation in the measured pulses. This is a trade-off between sensitivity and robustness, which will be investigated further in future work.
Although the PLS predictions are more accurate than those obtained using PCR, there is still a significant uncertainty in the results. The results demonstrate the potential of the technique, using only spectral data of one measured pulse-echo. By including more observed properties (e.g., phase velocity, frequency-dependent attenuation), it is likely that the performance is improved.
As pointed out by one of the reviewers, the known pressure could have been included in the X block. This was tested, but the predictive performance did not improve. One explanation to this is that a pressure change is analogous to a frequency shift of the ultrasound, and thus already represented by the magnitude spectra in the X block.
VI. Conclusions
In this paper we describe how the principles of PLSR can be used to predict molar fractions of ethane in a mixture of ethane and oxygen from ultrasonic pulse-echo measurements. The results obtained with PLSR are compared to those obtained using a conventional pseudo-inverse or PCR technique. It is clear that the predictive performance of the PLS model exceeds that of the PCR method. The reason is that, although PCR captures as much as possible of the experimental variation of the X block, PLS aims to describe cross covariance between the X and the Y block.
Figs. [8] [9] [10] [11] show that the predictions using PLSR have less variance and are less biased than the PCR predictions for high fractions of ethane. 
